The effect of shear thinning on the stability of the Taylor-Couette flow (TCF) is explored for a CarreauBird fluid in the narrow-gap limit to simulate sheardependent viscosity of lubricants. Here, a low-order dynamical system is obtained from the conservation of mass and momentum equations. In comparison with the Newtonian system, the present equations include additional nonlinear coupling in the velocity components through the viscosity. It is found that the critical Taylor number, corresponding to the loss of stability of the base (Couette) flow becomes lower s the shear-thinning effect increases. Similar to Newtonian fluids, there is an exchange of stability between the Couette and Taylor vortex flows. However, unlike the Newtonian model, the Taylor vortex cellular structure loses its stability in turn as the Taylor number reaches a second critical value. At this point, a Hopf bifurcation emerges, which exists only for shear-thinning fluids.
Introduction
Shear thinning is an inherent property many fluids such as typical lubricants and polymers. Ignoring the dependence of viscosity on shear rate will lead to unrealistic flow simulations as the viscosity may vary by a factor of thousands within applicable shear rate. The presence of a rate-of-strain dependent viscosity gives rise to additional nonlinearities (in addition to inertia) and coupling among the flow variables. Similar to any flow in the transition regime, the TCF of non-Newtonian fluids involves a continuous range of excited spatio-temporal scales. In order to assess the effect of the smaller length scales on the flow, a high resolution of the flow field is needed. It is by now well established that low-order dynamical systems can be a viable alternative to conventional numerical methods in the weakly nonlinear range of flow 1 . Despite the severe degree of truncation in the formulation of these models, some of the basic qualitative elements of the onset of Taylor vortices and destabilization of the cellular structure have been recovered using low-order dynamical systems. Kuhlmann 2 examined the stationary and time-periodic Taylor vortex flow (TVF), in arbitrary gap width, respectively, with the inner cylinder rotating at a constant and harmonically modulated angular velocity. The solution to the full Navier-Stokes equations was obtained by implementing a finite-difference scheme, and an approximate approach based on the Galerkin representation.
Comparison of flows based on the two methods led to good agreement. Upon truncation, a three-dimensional system was obtained which turned out to be the Lorenz system with the Prandtl number equal to unity 3 . In this case, the model cannot predict the destabilization of the Taylor vortices, and therefore cannot account for the onset of chaotic behaviour. As the study was extended by Ashrafi and Khayat 4 for the shear thinning fluids, this shortcoming was, however, alleviated through emergence of a chaotic state in the dynamical system. Despite the severe level of truncation in the study, the low-order dynamical system approach yielded a good agreement with experiments for example in the TCF of highly elastic polymeric solutions, often designated as Boger 5 and upper convected Maxwell fluids 6 . Experiments with Newtonian and Boger fluids for eccentric cylinders were also carried out 7 and efforts are on the way to simulate the effect of nonlinearity of fluid.
The finite amplitude elastic overstability (in the absence of inertia), which is usually observed in experiment 8 , was accurately predicted for axisymmetric TVF of the Boger fluids 5 in the narrow-gap limit. The model predicts, as experiment suggests, the onset of overstability, the growth of oscillation amplitude of flow and the emergence of higher harmonics in the power spectrum as fluid elasticity increases beyond a critical level. Also good agreement was obtained upon comparison with the exact results from linear stability analysis amid existence multiple numerical solutions 9 . In this paper, the influence of shear thinning on TVF is examined and confirmed by adopting a low-order nonlinear dynamical system approach isolating elastic effects. Although the present study uses the Carreau-Bird model 10 for the viscosity dependence on the rate of strain, and thus is primarily concerned with high-molecular-weight fluids, it is also of relevance to shear-thinning fluids in general, even for some simple (monatomic) fluids.
The present study isolates the effect of shear thinning from that of fluid elasticity. The reader is referred to the review by Larson 9 for a general overview of viscoelastic instability.
To my knowledge, there has been no experimental evidence of the existence of (deterministic) chaos for shear-thinning fluids similarly to Newtonian fluids. The study, however, is not so much concerned with the emergence of shear-thinning overstability, as it focuses more on the interplay between inertia and shear thinning, and therefore on the departure from Newtonian behaviour for the most stable solution. The critical Taylor number at the onset of the Taylor vortex cellular structure is expected to be lower than that for a Newtonian fluid as a result of the decrease in viscous effects. One also expects, similarly to Newtonian flow 2 , that two steady-state branches emerge at the onset of a supercritical bifurcation at a critical Taylor number that depends on shear thinning. Here, however, 
